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(R0 < 1)和(I) (R0 > 1)。系统存在两个平衡状态，未感染平衡态Xu = (Tu, Iu,Vu)和仅在区
























































Over the past thirty years, there has been much research in the mathematical modeling
of Human Immunodeficiency Virus (HIV), the virus which causes AIDS (Acquired Immune
Deficiency Syndrome). The research directions have been twofold: (i) the epidemiology of
AIDS; (ii) the immunology of HIV as a pathogen. In this thesis we are interested in the latter
approach.
The major target of HIV infection is a class of lymphocytes, or white blood cells, known
as CD4+ T cells. When the CD4+ T cell count, which is normally around 1000 mm−3, reaches
200 mm−3 or below in an HIV-infected patient, then that person is classified as having AIDS.
Mathematical models have been proven valuable in understanding the in vivo dynamics
of the virus. A gamut of models have been developed to describe the immune system, its
interaction with HIV, and the decline in CD4+ T cells. They have contributed significantly to
the understanding of HIV basic biology. Here we focus on a model which includes a quadratic
logistic growth term.
Our work is divided in two main parts. In the first one, we consider a system of three
ODEs for, respectively, the concentrations of the target T cells T , the infected cells I and the
virus particles (or virions) V . In the second part, we examine the effect of diffusion when there
is a parabolic PDE for V . Throughout the thesis, our results are illustrated by numerical results.
There are two main parameters, N, the total number of virions produced by one infected
cell, and r, the logistic parameter which controls the growth rate. Since r is one of the crucial
parameters in the host-pathogen interaction, we take it as bifurcation parameter, in contrast to
previous works. The traditional basic reproduction number R0 separates the parameter space
into the regions (U) (R0 < 1) and (I) (R0 > 1). There are two steady-states, the uninfected
equilibrium Xu = (Tu, Iu,Vu) and the infected one, Xi = (Ti, Ii,Vi), which exists only in (I).
The issue is the stability of these equilibria.
In the first part we address the issue of stability with the tools of ODEs, including the
Routh-Hurwitz criterion for the Jacobian matrix. We prove that Xu is asymptotically stable
in (U) and the infected equilibrium Xi is asymptotically stable in the region (I), except in a
subdomain (P) that we compute explicitly. In this unstable region, the levels of the various















biologically interpreted as a perturbation of the infection by a specific or unspecific immune
response against HIV.
Moreover, we prove that the infected equilibrium Xi is unstable in the interior of (P)
and the boundary consists of Hopf points. Hopf bifurcations occurring at the interfaces are
fully investigated via several techniques including asymptotic analysis, since the quantity Tmax
plays the role of a large perturbation parameter. We compute the first Lyapunov coefficient and
determine the direction and stability of the bifurcated branches of periodic orbits at the Hopf
points.
Beside this local study, an important issue is whether the bifurcated branches of periodic
orbits are global. A main result of this thesis is that the Hopf points are connected through a
“snake” of periodic orbits, namely a maximal path of orbits.
In the second part, we consider the same HIV model in a 2D homogeneous environment
with viral diffusion and extend the results of the first part of the thesis. The model consists of
two ODEs for the target T cells T and the infected CD4+ T-lymphocytes I, and a parabolic PDE
for the virus particles V .
We prove again the stability of Xu in (U). The study of the spectrum of the Jacobian
operator at the infected equilibrium Xi is more involved than in the ODE case. Via Fourier
analysis, we point out the existence of a family of subdomains (P)k. They are ordered and
contained in (P).
Since the system is only partially dissipative, the resolvent operator is not compact and
therefore the proof of Hopf bifurcations demands more attention. It relies on the analyticity
of the semigroup which generated by the Jacobian operator. As far as the local study of the
bifurcated periodic orbits is concerned, the diffusion term makes little affection. We perform a
nonlinear analysis via the center manifold theorem and estimate the first Lyapunov coefficient
as in the first part.
We supplement our work by two further contributions. We briefly revisit the model in a
2D heterogenous environment and define the “heterogenous reproductive ratio” as the maximal
eigenvalue λ0 of a Sturm-Liouville problem. We prove the existence and uniqueness of both
equilibria. Numerical experiments, including a 3-D case, are given. Finally, we give some
insight on HIV treatment and extend the model to antiretroviral therapy.
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